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Abstrat
We prove that the properties of ating metrially properly on some
spae with walls or some CAT(0) ube omplex are losed by taking
the wreath produt with Z. We also give a lower bound for the (equiv-
ariant) Hilbert spae ompression of H ≀Z in terms of the (equivariant)
Hilbert spae ompression of H .
Introdution
A spae with walls, as dened by Haglund and Paulin [HP98℄, is a pair (X,W)
where X is a set and W is a set of partitions of X (alled walls) into two
lasses, submitted to the ondition that any two points of X are separated
by nitely many walls.
The main examples of spaes with walls are given by CAT (0) ube om-
plexes (see [BH99℄), i.e. metri polyhedral omplexes in whih eah k-ell
is isomorphi to the Eulidean ube [−1/2, 1/2]k , and the gluing maps are
isometries. Indeed, it is a result of Sageev [Sag95℄ that hyperplanes in a
CAT (0) ube omplex endow the set of verties with a struture of spae
with walls (see [ChN05℄ and [Ni04℄ for more on the relation between spaes
with walls and CAT (0) ube omplexes).
Our rst result is the following:
∗
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Theorem 0.1 Suppose that a group H ats metrially properly either on
some on some spae with walls, or on some CAT (0) ube omplex. Then
the wreath produt H ≀ Z := (⊕
Z
H)⋊ Z satises the same property.
Guentner-Kaminker dened the Hilbert spae ompression and the equiv-
ariant Hilbert spae ompression for any unbounded metri spae (endowed
with a group ation in the seond ase) [GK04℄. Sine we will deal with
uniformly disrete
1
spaes, the following denitions are equivalent to theirs.
Let (X, d) be a uniformly disrete metri spae. We dene the Hilbert spae
ompression of X as the supremum of the numbers α ∈ [0, 1] suh that there
exists a Hilbert spae H, positive onstants C1, C2 and a map f : X → H
with
C1 · d(x, y)α 6 ||f(x)− f(y)|| 6 C2 · d(x, y) ∀x, y ∈ X .
It is denoted by R(X, d) and it is a quasi-isometry invariant of (X, d). If
H is a group ating on (X, d) by isometries, the equivariant Hilbert spae
ompression of X is the supremum of the numbers α ∈ [0, 1] suh that there
exists a Hilbert spae H endowed with an ation of H by ane isometries,
positive onstants C1, C2 and a H-equivariant map f : X → H with
C1 · d(x, y)α 6 ||f(x)− f(y)|| 6 C2 · d(x, y) ∀x, y ∈ X .
It is denoted by RH(X, d). One has trivially RH(X, d) 6 R(X, d).
We may view a group H as a metri spae thanks to the word length assoi-
ated with some (not neessarily nite) generating subset S. We denote then
by R(H,S) the Hilbert spae ompression and by RH(H,S) the equivariant
Hilbert spae ompression. In ase H is nitely generated, note that, up to
bilipshitz equivalene, the word metri does not depend on the nite gen-
erating set, so that the ompressions do not depend on the hoie of a nite
generating set. In this ase we write R(H) and RH(H) for the orresponding
ompressions. We also use these shorter notations in the general ase if there
is no ambiguity about the generating set. It is a remarkable observation of
Gromov (see [CTV, Proposition 4.4℄ for a proof) that R(H) = RH(H) for
H nitely generated and amenable.
The rst examples of nitely generated groups whose Hilbert spae om-
pression is dierent from 0 and 1 appeared reently in [AGS℄: Thompson's
1
That is, there exists a onstant δ > 0 suh that d(x, y) > δ whenever x 6= y.
2
group F and the wreath produt Z ≀Z (see the end of Setion 3 for more on
this). Our next Theorem allows in partiular to onstrut more examples.
Given a generating set S for H, if Γ = H ≀ Z, we always take Σ = S ∪ {s}
as generating set for Γ, where s is the positive generator of Z.
Theorem 0.2 Let H be a group, with generating set S and let Γ = H ≀ Z.
The non equivariant and equivariant Hilbert spae ompressions satisfy:
R(H,S) > R(Γ,Σ) >
R(H,S)
R(H,S) + 1
;
RH(H,S) > RΓ(Γ,Σ) > max
{
RH(H,S) − 1
2
,
RH(H,S)
2RH(H,S) + 1
}
.
In order to selet the best bound, we mention that one has t−1/2 > t/(2t+1)
if and only if t > (1 +
√
5)/4 ∼= 0.809... (for t ∈ [0, 1]). Gromov's remark
gives immediately a stronger estimate for the equivariant ompression.
Corollary 0.3 Let H be a nitely generated and amenable group and let
Γ = H ≀ Z. The equivariant Hilbert spae ompression satises:
RH(H) > RΓ(Γ) >
RH(H)
RH(H) + 1
.
The proofs of Theorems 0.1 and 0.2 rest on a similar idea: we expressH ≀Z as
an HNN-extension in two dierent ways, whih provide two dierent ations
of H ≀ Z on a tree. In Theorem 0.1 we use the produt of these two trees,
while in Theorem 0.2 we appeal to the ane ations naturally assoiated
with eah of these trees (see setion 7.4.1 in [CCJ
+
01℄).
1 Preliminaries: wreath produts and trees
Let Λ be a group, H a subgroup and ϑ : H → Λ an injetive homomorphism.
The HNN-extension with basis Λ and stable letter t relatively to H and ϑ is
dened by HNN(Λ,H, ϑ) =
〈
Λ, t
∣∣ t−1ht = ϑ(h) ∀h ∈ H〉.
Our denition of graphs and trees are those of [Ser77℄. Given an HNN-
extension Γ = HNN(Λ,H, ϑ), the assoiated Bass-Serre tree is dened by
V (T ) = Γ/Λ ; E(T ) = Γ/H ⊔ Γ/ϑ(H) ; γH = γtϑ(H) ; γϑ(H) = γt−1H ;
(γH)− = γΛ ; (γH)+ = γtΛ ; (γϑ(H))− = γΛ ; (γϑ(H))+ = γt−1Λ
3
where, given an edge e, its origin is denoted by e− and its terminal vertex
by e+. It is a tree [Ser77, Theorem 12℄. We turn T to an oriented tree by
setting Ar+(T ) = Γ/H, (γH)
− = γΛ, (γH)+ = γtΛ and the Γ-ation on
T preserves this orientation. Moreover we remark that the oriented tree is
bi-regular: for eah vertex of T the outgoing edges are in bijetion with Λ/H
and the inoming edges are in bijetion with Λ/ϑ(H).
We turn to wreath produts. Let G,H be groups. We set
Λ = H(G) =
⊕
g∈G
H = {λ : G→ H with nite support } .
The group G ats on Λ by automorphisms: (g ·λ)(x) = λ(g−1x). The wreath
produt H ≀ G is the semi-diret produt Λ ⋊ G, with respet to the ation
above. The group H embeds in H ≀G as the opy of index 1G. It is easy to
see that, given generating sets of G and H, their union generates H ≀G.
In ase G = Z, one may express H ≀ Z as an HNN-extension in two ways
(we denote by s the generator of Z in H ≀ Z and by t+, t− the stable letters
of the HNN-extensions)
2
:
1. Set Λ+ =
⊕
n>0H and ϑ+ : Λ+ → Λ+ given by ϑ+(λ)0 = 1H and
ϑ+(λ)n = λn−1 for n > 1. One has HNN(Λ+,Λ+, ϑ+) = H ≀ Z and
the isomorphism is given by λ 7→ λ and t+ 7→ s−1;
2. Set Λ− =
⊕
n60H and ϑ− : Λ− → Λ− given by ϑ−(λ)0 = 1H and
ϑ−(λ)n = λn+1 for n 6 −1. One has HNN(Λ−,Λ−, ϑ−) = H ≀ Z and
the isomorphism is given by λ 7→ λ and t− 7→ s;
Given a wreath produt H ≀ Z, we will denote by T+, respetively T−, the
Bass-Serre tree assoiated to the seond, respetively third, HNN-extension
above. We take as base points (when neessary) the verties Λ+ and Λ−.
We ollet now some observations about the H ≀ Z-ations on T+ and T−
whih will be relevant in the next setions. Set Γ = H ≀Z and γ = (λ, n) ∈ Γ.
If λ is nontrivial, we set m = min{k ∈ Z : λk 6= 1H} and M = max{k ∈ Z :
λk 6= 1H}.
Lemma 1.1 If λ = 1, one has dT+(Λ+, γΛ+) = |n| = dT−(Λ−, γΛ−).
2
The most ommon way is probably the following: set ϑ : Λ → Λ;ϑ(λ)n = λn−1.
One has HNN(Λ,Λ, ϑ) = H ≀ Z and the isomorphism is given by λ 7→ λ and t 7→ s−1.
Nevertheless, this expression will be useless in this artile.
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The proof is obvious.
Lemma 1.2 If λ 6= 1, the distanes dT±(Λ±, γΛ±) are given by formulas:
dT+(Λ+, γΛ+) =
{
|n| if n 6 m or m > 0
n− 2m if n > m and m < 0 ;
dT−(Λ−, γΛ−) =
{
|n| if n >M or M 6 0
2M − n if n < M and M > 0 .
In partiular, the inequalities dT+(Λ+, γΛ+) > −m, dT−(Λ−, γΛ−) > M ,
dT+(Λ+, γΛ+) > |n| and dT−(Λ−, γΛ−) > |n| hold.
Proof. We prove the rst equality, leaving the seond one, whih is very
similar, to the reader. We remark that γ = λsn and that, for any k ∈ Z, the
stabilizer of the vertex tk+Λ+ satises
Stab(tk+Λ+) = t
k
+Λ+t
−k
+ = s
−kΛ+s
k =
⊕
i>−k
H . (1.3)
Suppose rst that m > 0. Then λ stabilizes the vertex Λ+, so that we get
d(Λ+, γΛ+) = d(λΛ+, λs
nΛ+) = d(Λ+, s
nΛ+) = |n|. If n 6 m, the vertex
snΛ+ = t
−n
+ Λ+ is stabilized by λ, so that d(Λ+, γΛ+) = d(Λ+, s
nΛ+) = |n|.
It remains to treat the ase n > m and m < 0. The verties on the geodesi
from t−m+ Λ+ to t
−n
+ Λ+ are t
−m
+ Λ+, t
−m−1
+ Λ+, . . . , t
−n
+ Λ+. By (1.3), the vertex
t−m+ Λ+ is stabilized by λ and t
−m−1
+ Λ+ is not. Thus, the geodesi from Λ+
to γΛ+ passes through t
−m
+ Λ+, so that we get
d(Λ+, γΛ+) = d(Λ+, t
−m
+ Λ+) + d(t
−m
+ Λ+, γΛ+) = −m+ n−m = n− 2m .
The proof is omplete. 
Let us now state a formula omputing the length of an element of H ≀ Z,
whih is a diret onsequene of [Par92, Theorem 1.2℄. Note that, even if the
theorem was stated for nitely generated groups, it also applies in our ase.
Proposition 1.4 Keep the above notations. Let γ = (λ, n) ∈ Γ = H ≀Z. In
ase λ = 1, one has |γ| = |n|, while in ase λ 6= 1, the length of γ satises:
|γ| = LZ(γ) +
∑
i∈Z
|λi| ,
where LZ(γ) denotes the length of the shortest path starting from 0, ending
at n and passing through m and M in the (anonial) Cayley graph of Z.
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The length LZ(γ) appearing in Proposition 1.4 an be estimated as follows:
Proposition 1.5 Let γ ∈ Γ = H ≀ Z. The following inequalities hold:
dT±(Λ±, γΛ±) 6 LZ(γ) 6 dT+(Λ+, γΛ+) + dT−(Λ−, γΛ−)
Proof. If γ = (1, n), the result is obvious. We suppose now γ = (λ, n) with
λ 6= 1. The proof is then a distintion of eight ases whih are listed in the
following tabular:
n m M dT+ dT− LZ dT+ + dT−
> 0 > 0 > n n 2M − n 2M − n 2M
> 0 > 0 6 n n n n 2n
> 0 < 0 > n n− 2m 2M − n 2M − 2m− n 2M − 2m
> 0 < 0 6 n n− 2m n n− 2m 2n− 2m
< 0 < n 6 0 n− 2m −n n− 2m −2m
< 0 > n 6 0 −n −n −n −2n
< 0 < n > 0 n− 2m 2M − n 2M − 2m+ n 2M − 2m
< 0 > n > 0 −n 2M − n 2M − n 2M − 2n
The values of dT±(Λ±, γΛ±) ome from Lemma 1.2; those of LZ(γ) are easy
to ompute. We now observe that the result is true in the eight ases. 
Combining Propositions 1.4 and 1.5, one obtains immediately:
Corollary 1.6 Let γ = (λ, n) ∈ Γ = H ≀ Z. The following inequalities hold:
dT±(Λ±, γΛ±) +
∑
i∈Z
|λi| 6 |γ| 6 dT+(Λ+, γΛ+) + dT−(Λ−, γΛ−) +
∑
i∈Z
|λi|
2 Metrially proper ations
Let us onsider a group G, ating by isometries on a metri spae X.
Denition 2.1 The ation is metrially proper if, whenever B is a bounded
subset of X, the set {g ∈ G : g ·B ∩B 6= ∅} is nite.
From now on, we shall write proper instead of metrially proper. Let us
reall that the ation is proper if and only if the following property holds,
for some z ∈ X:
for any R > 0, the set {g ∈ G : d(z, g · z) 6 R} is nite. (Propz)
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Let now F = (Xi, bi)i∈I be a family of pointed metri spaes and let p > 1.
We all ℓp-produt of the family the spae
ℓp(F) =
{
x ∈
∏
i∈I
Xi :
∑
i∈I
di(bi, xi)
p < +∞
}
.
It is a metri spae with metri δ(x, y) =
(∑
i∈I di(xi, yi)
p
)1/p
. We set (bi)i∈I
as base point. Consider now the ase (Xi, bi) = (X, b) for all i ∈ Z. One has:
ℓp(I;X, b) := ℓp(F) =
{
φ : I → X :
∑
i∈I
d(b, φi)
p < +∞
}
.
If a group H ats by isometries on X, the group H ≀G ats by isometries on
ℓp(G;X, b) in the following way:{
(λ · φ)g = λg · φg for λ ∈
⊕
g∈GH ;
(g · φ)g′ = φg−1g′ for g ∈ G .
(2.2)
Given G innite, observe that, even if the ation of H is proper, the ation
of H ≀ G on ℓp(G;X, b) is not. Indeed, there is a G-globally xed point on
ℓp(G;X, b).
Theorem 0.1 will follow from the following statement.
Proposition 2.3 Let H be a group ating properly on a metri spae X,
b ∈ X and p > 1. Then, the ation of Γ = H ≀ Z on T+ × T− × ℓp(Z;X, b),
where the produt is endowed with the ℓp metri, is proper.
Proof. We are going to prove property (Propz) for z = (Λ+,Λ−, (b)i∈Z).
Thus let R > 0 and A = {γ ∈ Γ : d(z, γ · z) 6 R}. Take γ = (λ, n) ∈ A. We
have dT+(Λ+, γΛ+) 6 R, dT−(Λ−, γΛ−) 6 R and
∑
i∈Z d(b, λi · b)p 6 Rp.
By lemmata 1.1 and 1.2, one hasM 6 R, m > −R (ifM and m are dened)
and |n| 6 R. Set B = {h ∈ H : d(b, h · b) 6 R}. It is a nite set sine the
H-ation is proper.
Hene, one has |n| 6 R, λi = 1H for |i| > R and λi ∈ B for |i| 6 R. This
leaves nitely many hoies for γ, and proves thus that A is nite. 
Remark 2.4 The spae T+ × T− × ℓp(Z;X, b) is anonially isometri to
the produt ℓp(F) with I = {+,−} ∪ Z and F given by F(+) = (T+,Λ+),
F(−) = (T−,Λ−) and F(i) = (X, b) for i ∈ Z.
7
Proof of of Theorem 0.1. We reall rst that a tree is a CAT(0) ube
omplex, hene a spae with walls.
It is shown in [CMV04, Setion 5℄ that a ℓ1-produt of spaes with measured
walls arries the same struture. Moreover, we remark that, partiularizing
the onstrution to spaes with walls, one gets a spae with walls. Hene,
we get the onlusion for spaes with walls by proposition 2.3.
Given a CAT(0) ube omplex Y , we denote by Y (k) the set of k-ells in Y .
Take now a family F = (Xi, bi)i∈I of CAT(0) ube omplexes with bi ∈ X(0)i
and set F (0) = (X(0)i , bi)i∈I for k ∈ N. We are going to onstrut a subspae
X of ℓ2(F) whih is a CAT(0) ube omplex.
We dene rst X(0) = ℓ2(F (0)). Sine the distane between two distint
verties is at least 1, one has
X(0) =
⊕
i∈I
(X
(0)
i , bi) :=
{
v ∈
∏
i∈I
X
(0)
i : {i ∈ I : vi 6= bi} is nite
}
.
For k > 1, we dene then the set of k-ells as
X(k) =
{
c ∈∏i∈I(X(0)i ∪ . . . ∪X(k)i ) :∑
i∈I dim(ci) = k and {i ∈ I : ci 6= bi} is nite
}
.
It is lear that every k-ell, as a subset of ℓ2(F), is isometri to [−1/2, 1/2]k .
If c ∈ X(k), the faes of c are the (k − 1)-ells c′ suh that c′j is a fae of cj
for some j and c′i = ci for i 6= j. The gluing maps are isometri. Finally,
the spae ℓ2(F) inherits the CAT(0) property, so that X is a CAT(0) ube
omplex.
Suppose now that H ats on a CAT(0) ube omplex Y and take v0 a vertex
of Y . We onsider the family F given by I = {+,−}∪Z, F(+) = (T+,Λ+),
F(−) = (T−,Λ−) and F(i) = (Y, v0) for i ∈ Z. The ation of H ≀Z on ℓ2(F)
is proper by proposition 2.3 and the CAT(0) ube omplex X onstruted
as above is an invariant subset, so that it is endowed with a proper ation
of H ≀ Z too. 
Remark 2.5 The same tehniques an be used, if H ats properly on some
Hilbert spae H, to prove that H ≀Z ats properly on the Hilbert diret sum
ℓ2(E(T+)) ⊕ ℓ2(E(T−)) ⊕
⊕
i∈ZH. Hene, we reover the known fat that
Haagerup property is preserved by taking wreath produts with Z [CCJ
+
01,
Proposition 6.1.1 and Example 6.1.6℄. The interest of our tehnique is that
we obtain an expliit proper ation of H ≀ Z, knowing a proper ation of H.
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Remark 2.6 It is known [CMV04, Theorem 1℄, that a disrete group satis-
es the Haagerup property if and only if it ats properly on some spae with
measured walls. It follows from Remark 2.5 that whenever H ats properly
on a spae with measured walls, the same holds for H ≀ Z. Again, our teh-
niques give an expliit ation, as Theorem 0.1 is also valid for spaes with
measured walls.
3 Hilbert spae ompression: Theorem 0.2
We reall that a map f : X → Y between metri spaes is Lipshitz if there
exists C > 0 suh that dY (f(x), f(y)) 6 C · dX(x, y) for all x, y ∈ X. Given
a Lipshitz map f : X → H (whose range is a Hilbert spae), we set3 Rf
to be the supremum of the numbers α ∈ [0, 1] suh that there exists D > 0
with D · dX(x, y)α 6 ||f(x)− f(y)|| for all x, y ∈ X.
Given a generating set S of a group H, we reall our onvention to take
Σ = S ∪ {s} as generating set for H ≀ Z, where s is the positive generator of
Z. In order to simplify notations, we do not mention expliitly S and Σ in
this setion.
The goal of this setion is to prove Theorem 0.2. The key result in this way
is the following:
Proposition 3.1 Let H be a group (with a generating set S) and Γ = H ≀Z.
Suppose that maps f : H →H and f± : V (T±) → H± are Lipshitz with
Rf+ = Rf− > 0 and Rf > 0. Then onsider the map
σ : Γ→H′ := H+ ⊕H− ⊕
⊕
i∈Z
H ,
where, given γ = (λ, n) ∈ H ≀Z, we set σ(γ)± = f±(γΛ±) and σ(γ)i = f(λi)
for i ∈ Z. It satises Rσ > Rf ·Rf±/(Rf +Rf±) and Rσ > min{Rf± , Rf − 12}
Moreover, if f is H-equivariant and if f± are Γ-equivariant (with respet
to some ations by ane isometries), then there exists a H-ation by ane
isometries on H′ suh that σ is Γ-equivariant.
Proof. We show rst that σ is Lipshitz (the reader ould remark that it
is trivial if H is a nitely generated group; however, this ase is also overed
3
It does not oinide with the asymptoti ompression of f dened in [GK04℄.
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by the proof below). Let us take C,C+, C− > 0 suh that
||f(s)− f(t)|| 6 C · |s−1t| ∀s, t ∈ H ;
||f±(u)− f±(v)|| 6 C± · dT±(u, v) ∀u, v ∈ V (T±) .
Let x, y ∈ Γ. We set γ = x−1y and write x = (ξ, p), y = (η, q), γ = (λ, n) in
H ≀ Z = Λ⋊ Z (so that n = q − p and λi = ξ−1i−pηi−p). One has then
(∑
i∈Z
||σ(x)i − σ(y)i||2
) 1
2
6
∑
i∈Z
||f(ξi)− f(ηi)|| 6
∑
j∈Z
C · |λj | 6 C · |γ| .
Moreover, using Corollary 1.6 for the last step, it omes:
||σ(x)± − σ(y)±|| 6 C± · dT±(xΛ±, yΛ±) = C± · dT±(Λ±, γΛ±) 6 C± · |γ| .
Thus, we get nally ||σ(x) − σ(y)|| 6 (C+ + C− + C) · |x−1y|, whih proves
that σ is Lipshitz, as desired.
We now turn to the estimation of Rσ, Fix any α, β suh that 0 < α < Rf
and 0 < β < Rf± . There exists onstants C,C+, C− > 0 suh that:
||f(s)− f(t)|| > C · |s−1t|α ∀s, t ∈ H ;
||f±(u)− f±(v)|| > C± · dT±(u, v)β ∀u, v ∈ V (T±) .
We notie rst that σ is injetive. More preisely, for any x, y ∈ Γ, one has
x 6= y =⇒ ||σ(x) − σ(y)|| > min{C,C+, C−} . (3.2)
Indeed, we express x = (ξ, p) and y = (η, q) as above. If p 6= q, we obtain
||σ(x)±− σ(y)±|| > C± · dT±(xΛ±, yΛ±)β > C± and if ξi 6= ηi for some i, we
obtain ||σ(x)i − σ(y)i|| > C · |ξ−1i ηi|α > C.
Let us take x, y and γ as above. Aording to Corollary 1.6, one (at least)
of the following ases ours. We treat them separately. As the ase x = y
is trivial, we assume x 6= y, that is |γ| > 1, in what follows.
(a) Case dT+(Λ+, γΛ+) >
1
3 |γ|: We obtain
||σ(x) − σ(y)|| > ||σ(x)+ − σ(y)+|| > C+ · dT+(xΛ+, yΛ+)β
= C+ · dT+(Λ+, γΛ+)β >
C+
3β
|x−1y|β .
10
(b) Case dT−(Λ−, γΛ−) >
1
3 |γ|: We obtain the same way
||σ(x) − σ(y)|| > ||σ(x)− − σ(y)−|| > C−
3β
|x−1y|β .
() Case
∑
i∈Z |λi| > 13 |γ|: We establish two independant estimates.
First, for all i ∈ Z, one has ||σ(x)i − σ(y)i|| = ||f(ξi) − f(ηi)|| >
C|ξ−1i ηi|α = C|λi+p|α. Hene, using Cauhy-Shwarz inequality for
the third step below and α 6 1 for the fourth one, we obtain
||σ(x) − σ(y)|| >
(∑
i∈Z
||σ(x)i − σ(y)i||2
) 1
2
> C

∑
j∈Z
|λj |2α


1
2
>
C√
M −m+ 1
M∑
j=m
|λj |α > C√
M −m+ 1

 M∑
j=m
|λj |


α
By Proposition 1.4, one has |γ| >M −m+ 1, so that we obtain
||σ(x) − σ(y)|| > C√|γ|
(
1
3
|γ|
)α
>
C
3α
|γ|α− 12 . (∗)
This is our rst estimate for ase ().
Seond, we x any ζ ∈ ]0, 1[ . Then, either there exists k ∈ Z suh that
|λk| > (13 · |γ|)ζ , or one has M −m + 1 > (13 · |γ|)1−ζ . We distinguish
the two subases:
• if there exists k ∈ Z suh that |λk| > (13 · |γ|)ζ , we have
||σ(x)− σ(y)|| > ||σ(x)k−p − σ(y)k−p|| > C · |ξ−1k−pηk−p|α
= C · |λk|α > C
3αζ
|γ|αζ ;
• in ase M − m + 1 > (13 · |γ|)1−ζ , having LZ(γ) > M − m by
denition, Proposition 1.5 gives
dT+(Λ+, γΛ+) + dT−(Λ−, γΛ−) > LZ(γ) >
(
1
3
· |γ|
)1−ζ
− 1 .
Thus, ∃ s ∈ {+,−} suh that dTs(Λs, γΛs) > 12 (13 · |γ|)1−ζ− 12 . For
|γ| > 4, there exists K > 0 suh that dTs(Λs, γΛs) > K · |γ|1−ζ ,
so that ||σ(x) − σ(y)|| > CsKβ · |x−1y|β(1−ζ) as in ases (a)-(b).
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Otherwise, for |γ| 6 3, equation (3.2) gives
||σ(x)− σ(y)|| > (min{C,C+, C−}) · 3−β(1−ζ) · |γ|β(1−ζ) .
Hene, there exists C ′ζ > 0 with ||σ(x)−σ(y)|| > C ′ζ · |x−1y|β(1−ζ).
Consequently, setting mζ = min {αζ, β(1 − ζ)}, it omes
||σ(x) − σ(y)|| > min
{
C
3αζ
, C ′ζ
}
· |γ|mζ . (∗∗ζ)
The largest value for mζ is obtained for αζ = β(1−ζ), that is ζ = βα+β .
It gives mζ =
αβ
α+β . This is our seond estimate for ase ().
As one has β > αβ/(α + β), ombination of ases (a)-() gives
||σ(x)− σ(y)|| > C ′′ · |x−1y| αβα+β ∀x, y ∈ Γ
||σ(x)− σ(y)|| > C ′′ · |x−1y|min{β,α− 12} ∀x, y ∈ Γ
for some C ′′ > 0. Hene, we get Rσ > αβ/(α+β) and Rσ > min{β, α− 12} for
all α, β satisfying 0 < α < Rf and 0 < β < Rf± . This implies immediately
Rσ > Rf ·Rf±/(Rf +Rf±) and Rσ > min{Rf± , Rf − 12}.
To onlude the proof of Proposition 3.1, we pass now to the last statement.
We thus suppose that f is H-equivariant and f± are Γ-equivariant (with
respet to some ations by ane isometries). To establish the Γ-equivariane
of σ, we only have to dene a Γ-ation (by ane isometries) on ⊕i∈ZH and
hek the Γ-equivariane with respet to it.
The Γ-ation on
⊕
i∈ZH = ℓ2(Z,H, 0) is dened by equation (2.2). To
hek the equivariane, we set γ = (λ, n) and g = (µ, p) with λ, µ ∈ H(Z)
and n, p ∈ Z. We have (γ · σ(g))i = λi · f(µi−n) and σ(γg)i = f(λiµi−n) and
we get (γ · σ(g))i = σ(γg)i for all i by H-equivariane of f . 
Theorem 0.2 will be obtained by applying Proposition 3.1 with good em-
beddings of the trees T±. We explain now how to embed a tree in a Hilbert
spae with high values of the onstant Rf . First, the following result an
be obtained by a straightforward adaptation of [GK04, Proposition 4.2℄.
Proposition 3.3 Let T = (V,E) be a tree. Then R(V ) = 1.
More preisely, if we denote by EG the set of geometri (or unoriented) edges
of T and if we x a base vertex v0, then for any ε ∈ ]0, 1/2[ we may onsider
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the map
fε : V −→ ℓ2(EG) ; x 7−→
d(v0,x)∑
k=1
kεδek(x) ,
where the ek(x)'s are the onseutive edges on the unique geodesi from x to
v0 and δe is the Dira mass at e. It is a Lipshitz map with Rfε > 1/2 + ε.
We refer to the proof of [GK04, Proposition 4.2℄ for this fat.
To prove the equivariant part of Theorem 0.2, we need some expliit
equivariant embeddings into Hilbert spaes. Let T = (V,E) be a tree. We
reall from Setion 7.4.1 in [CCJ
+
01℄ how to embed equivariantly T in a
Hilbert spae. We reall that we denote by e 7→ e the orientation-reversing
involution on E, and we endow ℓ2(E) with the salar produt:
〈ξ|η〉 = 1
2
∑
e∈E
ξ(e)η(e).
Dene a map c : V × V → ℓ2(E) : (x, y) 7→ c(x, y) with
c(x, y) =
∑
e∈(x→y)
δe − δe
where δe is the Dira mass at e and the summation is taken over oherently
oriented edges in the oriented geodesi from x to y. The map c satises, for
every x, y, z ∈ V :
c(x, y) + c(y, z) = c(x, z); (3.4)
‖c(x, y)‖2 = d(x, y). (3.5)
Moreover if a group G ats on T , then for every g ∈ G:
c(gx, gy) = π(g)c(x, y) (3.6)
where π is the permutation representation of G on ℓ2(E).
Fix now a base-vertex v0 ∈ V . Dene a map
ιT,v0 : V → ℓ2(E) : v 7→ c(v0, v)
and, for g ∈ G, an ane isometry αv0(g) of ℓ2(E):
αv0(g)ξ = π(g)ξ + c(v0, gv0).
Using equations (3.4)  (3.6) above, the following lemma is immediate.
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Lemma 3.7 1. For all g, h ∈ G : αv0(gh) = αv0(g)αv0(h), so that αv0
denes an ane isometri ation of G on ℓ2(E);
2. the map ιT,v0 is G-equivariant with respet to the ation αv0 on ℓ
2(E);
3. one has ||ιT,v0(x) − ιT,v0(y)|| =
√
d(x, y) for all x, y ∈ V , so that
RιT,v0 = 1/2.
It is an immediate onsequene that RG(V ) > 1/2.
Proof of Theorem 0.2. The inequalities R(H) > R(Γ) and RH(H) >
RΓ(Γ) are trivial.
One has R(V (T±)) = 1 by Proposition 3.3, so that Proposition 3.1 gives
R(Γ) > R(V (T±)) · R(H)/(R(V (T±)) +R(H)) = R(H)/(R(H) + 1).
Finally, one has RΓ(V (T±)) > 1/2 by Lemma 3.7, so that we obtain
RΓ(Γ) >
RΓ(V (T±)) · RH(H)
RΓ(V (T±)) +RH(H)
>
RH(H)
2RH(H) + 1
RΓ(Γ) > min
{
RΓ(V (T±)), RH(H)− 1
2
}
= RH(H)− 1
2
by Proposition 3.1. 
4 Hilbert spae ompression: examples
We begin this setion with known results about the ompression of groups
of the form H ≀ Z. Let us rst state a generalization of [AGS, Theorem 3.9℄
whih gives upper bounds for many of them.
Proposition 4.1 Let G be a nitely generated group with growth funtion
satisfying κ(n) < nk for some k > 0 and let H be a group. We assume the
generating set of H hosen suh that the word metri is unbounded. Then,
the Hilbert spae ompression of Γ = H ≀G satises
R(Γ,Σ) 6
1 + k/2
1 + k
,
where Σ is the union of the generating sets of G and H. In partiular, with
G = Z, we get R(H ≀ Z) 6 3/4.
The proof is a straightforward adaptation of [AGS, Theorem 3.9℄.
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Remark 4.2 If H is nitely generated, the hypothesis the word metri is
unbounded means exatly that H is innite.
Lower bounds, were found by Tessera [Tes, Corollary 14℄. In partiular:
Proposition 4.3 Let H be a nitely generated group. If H has polynomial
growth, one has R(H ≀ Z) > 2/3.
Together, Propositions 4.1 and 4.3 give immediately:
Corollary 4.4 If H is an innite group with polynomial growth, then one
has R(H ≀ Z) ∈ [2/3, 3/4].
In a similar spirit, Proposition 4.1 and our Theorem 0.2 imply immediately:
Corollary 4.5 Let H be an innite, nitely generated group.
a) If R(H) = 1, then R(H ≀ Z) ∈ [1/2, 3/4].
b) If R(H) = RH(H) = 1/2, then R(H ≀Z) ∈ [1/3, 1/2] and RH≀Z(H ≀Z) ∈
[1/4, 1/2] (in partiular, ifRH≀Z(H ≀Z) < 1/3, thenH is non-amenable).

The interest of part (a) in Corollary 4.5 stems from the fat that numer-
ous groups satisfy R(H) = 1: among amenable groups, we mention poly-
yli groups and lamplighter groups F ≀ Z with F nite [Tes, Theorem 1℄;
among (usually) non-amenable groups, we ite hyperboli groups [BS, Theo-
rem 4.2℄, groups ating properly o-ompatly on nite-dimensional CAT (0)
ube omplexes [CaN05℄, o-ompat latties in onneted Lie groups, irre-
duible latties in higher rank semi-simple Lie groups [Tes, Theorem 2℄.
Our exuse for isolating (b) in Corollary 4.5 is a remarkable result by Ar-
jantseva, Guba and Sapir [AGS, Theorem 1.8℄: for Thompson's group F ,
one has R(F ) = RF (F ) = 1/2.
Aknowledgements. The authors thank Yves de Cornulier for his rele-
vant remarks on a previous version.
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